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Abstract 

We  study  the  problem  of  shortest  paths  for  aline  segment  in  the  plane. 
As  a  measure  of  the  distance  traversed  by  a  path,  we  take  the  average 
curve  length  of  the  orbits  of  prescribed  points  on  the  line  segment.  This 
problem  is  nontrivial  even  in  free  space  (i.e.,  in  the  absence  of  obstacles). 
We  characterize  all  shortest  paths  of  the  line  segment  moving  in  free  space 
under  the  measure  d2,  the  average  orbit  length  of  the  two  endpoints. 

The  problem  of  d^  optimal  motion  has  been  solved  by  Gurevich  and 
also  by  Dubovitskij,  who  calls  it  Ulam's  problem.  Unhke  previous  solu- 
tions, our  basic  tool  is  Cauchy's  surface-area  formula.  This  new  approach 
is  relatively  elementary,  and  yields  new  insights. 


1      Introduction 


The  problem  of  moving  an  object  amidst  obstacles  has  received  considerable 
attention  recently.  Most  of  these  results  are  concerned  with  the  feasibility  of 
an  obstacle-avoiding  motion  (see  for  example  [SchSh,Yap]).  The  problem  of 
optimal  molions  has  also  been  studied  although  the  results  here  are  almost  ex- 
clusively for  the  case  of  moving  a  s])here  (including  the  limiting  case  of  moving 
a  point).  See  for  example  [AAGHI].  The  main  reason  for  this  paucity  of  results 
for  moving  non-spherical  objects  is  that  one  must  now  contend  with  motions 
that  are  neither  pure  translations  nor  pure  rotations  —  such  motions  apparently 
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defeat  the  known  techniques  in  the  field  of  computational  geometry.  Further- 
more, there  is  no  well-accepted  definition  of  measuring  the  distance  traversed 
by  a  motion  of  general  objects.  One  obvious  suggestion  for  the  case  of  moving  a 
line  segment  turns  out  to  be  a  bad  idea:  to  take  the  area  swept  by  the  motion  of 
the  line  segment.  In  this  case,  it  was  shown  that  the  area  swept  by  a  motion  of 
the  line  segment  that  performs  a  "180  degrees  turn,  in  place'  can  be  arbitrarily 
close  to  zero  (see  Besicovitch  [Bes],  who  attributes  this  problem  to  Kakeya). 

Nevertheless,  there  is  some  agreement  (e.g.,  [PaSi,ORo])  that  one  natural  mea- 
sure on  motions  is  the  average  distance  traversed  by  each  point  on  the  object.  In 
this  paper,  we  call  this  the  natural  measure  and  denote  it  by  doo  (see  Section  2). 
The  trouble  is  that  there  are  no  known  tools  for  studying  (fco-optimal  motions, 
even  in  free  space.  To  get  around  this,  one  must  either  restrict  the  allowable 
motions  (as  in  [ORo])  or  change  the  measure  ([PaSi]  does  both).  In  [PaSi],  the 
length  of  the  orbit  of  one  endpoint  was  proposed  as  distance  measure.  Further- 
more, the  motions  of  the  line  segment  are  restricted  so  that  the  distinguished 
endpoint  must  travel  in  straight  lines  that  connect  obstacle  vertices.  In  [ORo], 
the  natural  measure  is  retained  but  motions  are  restricted  to  pure  translations 
and  to  rotations  in  ±90°  increments.  In  both  these  papers,  polynomial  time 
algorithms  for  shortest  paths  amidst  obstacles  are  presented.  Sharir  [Sha]  has 
improved  the  complexity  of  the  algorithm  in  [PaSi]. 

One  of  the  most  intriguing  features  of  shortest  paths  for  non-spherical  objects 
is  the  opportunity  of  developing  fundamentally  new  techniques  to  deal  with  the 
non-linearity  that  arises  from  simultaneous  rotation-translation.  Unfortunately 
both  of  the  cited  papers  explicitly  rule  this  out;  nevertheless,  their  problems 
remain  non-trivial.  In  our  paper,  we  impose  no  a  prion  conslrainis  on  the 
motions.  We  will  define  a  class  of  measures  dn  (n  >  2).  d„  is  the  average 
length  of  the  paths  of  n  equally  spaced  points  on  the  segment.  These  measures 
fall  within  the  class  of  measures  in  which  one  takes  the  average  orbit  lengths 
of  prescribed  points  on  the  object,  and  so  we  hope  that  it  will  give  us  some 
insight  into  the  limiting  case  of  doo-  Again  in  contrast  to  the  previous  papers, 
even  the  simplest  problem  of  c/2-shortest  paths  (paths  in  which  the  the  average 
distance  traversed  by  the  two  endpoints  of  the  line  segment  is  minimal)  is  already 
nontrivial  in  free  space.  Our  main  result  is  a  complete  solution  of  this  case. 


Early  History.  After  we  completed  this  paper,  O'Rourke  brought  to  our  at- 
tention the  work  of  Dubovitskij  [Dub];  Dubovitskij,  by  considering  optimal  con- 
trol principles,  arrived  at  essentially  the  same  results  as  this  paper.  Dubovitskij 
(whose  book  treats  other  problems  as  well)  calls  this  Ulam's  problem  (see  [Ula], 
Chapter  VI,  Section  9:  A  problem  in  the  Calculus  of  Variations).  To  the  best  of 
our  knowledge,  the  first  complete  and  correct  solution  to  Ulam's  problem  is  due 
to  Gurevich  [Gurj.  Some  earlier  papers  gave  only  partial  or  incorrect  solutions. 


A  paper  of  Goldberg  [Gol]  uses  an  interesting  mechanical  argument  to  charac- 
terize the  optimal  motion  in  the  case  that  the  initial  and  final  placements  are 
far  enough  apart.  Despite  the  above  work,  the  present  paper  remains  of  interest 
because  our  use  of  the  Cauchy  surface-area  formula  as  the  basic  tool  gives  a 
different  approach  and  yields  new  insights. 

In  Section  2  we  recall  some  notations  and  show  some  basic  properties  of  a  class 
of  measures  dn  {n  >  2).  The  remaining  part  of  the  paper  deals  exclusively  with 
do-  In  Section  3  we  study  the  case  of  pure  rotations,  introducing  the  Cauchy 
surface-area  formula  as  our  principal  tool.  Section  4  describes  the  shortest  path 
between  two  placements  that  are  sufficiently  far  apart.  Section  5  completes 
the  analysis  by  showing  that  the  shortest  path  between  any  pair  of  placements 
reduces  to  situations  where  either  Section  3  or  Section  4  apply.  We  make  some 
final  remarks  in  Section  6. 


2      Basic  Notations  and  Properties 

Let  us  consider  a  line  segment  AB  in  the  plane.  The  endpoints  are  .4  and  B 
and  in  figures  we  will  direct  the  line  segment  from  .4  to  B.  We  may  assume 
that  its  length  ||i?  -  .411  equals  1.  ||  ■  ||  will  always  denote  the  Euclidean  norm 
(||(i-.!/)||  =  \/x-  +  y').  In  motion  planning,  we  think  of  AB  as  a  rigid  body 
that  is  placed  in  different  positions.  To  make  this  precise,  we  use  the  language 
of  'placements"  (see  [Yap]);  this  is  repeated  here  for  convenience. 

Definition  1  Let  V  =  ^-  x  S^  denote  the  set  of  placements,  where  3?  is  the 
real  line  and  S^  is  the  unit  circle  (represented  as  the  interval  [0,27r)).  Each 
placement  P  —  (x,y,a)  represents  a  transformation  of  the  Euclidean  plane 
where  the  point  q  =  (a,  6)  G  K'  is  transformed  to  a  new  point  denoted  by  q[P], 
defined  as  follows: 

q[P]  =  {x  +  a  COS  a  —  6  sin  a,y  +  a  sin  a  +  6  cos  a)  . 

A  subset  S  C  S"  is  transformed  to  S[P]  =  {q[P]  :  q  E.  S).  We  say  that  the  set 
S[P]  is  a  position  of  the  set  S  in  placement  P.  Two  placements  P  —  (j,j/,  a) 
and  P'  =  {x',y',a')  are  said  to  be  /)ora//e/ (respectively,  ant i- parallel),  if  q  =  q' 
(respectively,  q  =  a'  -|-  tt). 

We  can  think  of  the  symbol  [P]  as  a  transformation  symbol  except  that  we  write 
it  after  rather  than  before  its  argument. 

Convention:  As  illustration  of  these  notations,  we  will  assume  that  our  line 
segment  AB  is  in  the  standard  position  where  A  —  (0,0)  and  B  =  (1,0).  Then 


for  any  placement  P  =  (x.;/.  a),  we  have  that  A[P]  =  (i-,  (/)  and  B[P]  =  (x  + 
cosa.y  +  sina).  Furthermore,  AB[P]  denotes  tlie  position  of  the  line  segment 
with  endpoints  A[P]  and  B[P].  Usually  we  write  A,B  with  subscripts  (Ao,Bi, 
etc)  to  denote  positions  of  .4,B  in  difi'erent  placements.  See  Figure  1. 


A=(x,y) 

Figure  1:  the  segment  AB  in  a  placement  (x.y,a) 

We  now  make  V  into  a  metric  space  by  defining  a  distance  function  pn{P,Q) 
for  any  two  placements  P,Q,  where  n  >  '2  is  any  fixed  integer. 

Definition  2  For  fixed  n  >  2,  let  ,4i^  =  A  +  (k/(n-l)){B-A),  (k  =  0,l,...,7i- 
1)  denote  n  equally  spaced  points  on  the  segment  AB.  Then  p„  is  the  average 
distance  between  corresponding  points  in  the  two  placements  P  and  Q: 


Pn(P,Q)=-^||--U.[P]-.4t[Q]l| 


Furthermore,  p^  is  the  limit  of  pn  for  ;i  —  oo: 
1 


PciP  g)  =  y  II  ((1  -  s)A[P]  +  sB[P])  -  ((1  -  s)A[Q]  +  sB[Q]) 


ds 


It  is  clear  that  these  are  metrics,  and  it  is  not  hard  to  prove  that  all  of  them 
are  linearly  related: 

pAP-Q)  >  PniP.Q)  >  pAP^Q)/'^.     for  all  n  =  2,3,...,oo. 

Thus,  all  these  metrics  define  the  same  topology  and  convergence  criterion  in 
V. 

We  are  interested  in  motions  from  one  placement  to  another.  Let  us  now  define 
this  concept: 


Definition  3  A  motion  m  of  the  line  segment  from  placement  Pq  to  placement 
Pi  is  a  continuous,  rectifiable  function  of  the  form 

where  rTi(/o)  =  ^o  and  77?(/i)  =  Pj.  We  also  denote  this  by 

Po~Pi- 

Here,  continuity  is  defined  relative  to  the  usual  topology  on  the  reals  and  the 
topology  on  V  induced  above;  reclifiability  is  meant  with  respect  to  any  of  the 
above  distances  /?„,  in  the  sense  that  the  following  expression  for  the  length  has 
a  finite  value: 

(-1 
cf„(77j)  =  sup  y^^pn[m{s,+i),m{s,))  . 


(<0  =  '0<Jl<        <5|=< 


!=0 


Here  the  supremum  is  taken  over  all  finite  subdivisions  ao  <  -^i  <  ■  •  ■  <  .s/  of 
the  parameter  interval  [<o,^i]- 

Informally,  the  cost  of  a  motion  is  the  average  length  of  the  orbits  of  the  points 
Ak  in  the  motion  m.  The  rectifiability  requirement  is  equivalent  to  requiring 
that  the  orbits  of  all  points  on  the  segment  are  rectifiable.  (In  fact,  it  suffices 
that  the  orbits  of  yl  and  B  are  rectifiable.) 

If  [a,  b]  is  a  subinterval  of  [tg,  ti],  we  write  77i[a,  6]  for  the  submotion  of  777  in  the 
time  interval  [a,  6].  It  is  sometimes  convenient  to  express  a  motion  777  :  [a,b]^V 

as  the  triplet  (x(t),y{t),a{t)]  where  x,y  ;  [0,6]  -~  9?  and  q  :  [a, 6]  -^  5'.   We 

call  a{t)  the  angular  function  of  777 

Definition  4  Define  the  d„-distancc  between  any  two  placements  Pq  and  Pi  to 
be 

d„iPo,Pi)=      inf     dn{m)  . 

Po  — Pi 

If  777  is  a  motion  from  Pq  to  Pi  and  dn(Po,Pi)  =  dn{in),  then  we  say  m  is 
dr,-optimal  OT  a  dn-shortest  motion. 

Note  that  we  use  the  same  symbol  for  the  length  of  a  motion  and  the  distance 
between  two  placements. 

We  call  dro  the  natural  measure  on  motions,  since  it  can  be  defined  for  any 
compact  set  that  plays  the  role  of  our  line  segment.  Pure  translational  motions 
are  clearly  optimal  for  any  d„. 


The  next  lemma,  whose  proof  is  straightforward,  states  that  dn  is  a  metric,  the 
so-called  intrinsic  metric  associated  with  the  metric  space  (V,p„)  (cf.  [Rin]). 

Lemma  1   For  any  integer  n  >  2  or  n  =  oo,  dn  is  a  metric  on  V : 

(a)  (definiteness)  d„{Po,  Pi)  >  0  with  equality  iff  Pq  =  P\. 

(b)  (symmetry)  d^[Po,  Pi)  =  d,.(P,,  Po). 

(c)  (triangle  inequality)  (f„(Po,  Pi)  +  dn(P\,P->)  >  dn(Po,  P^)- 

Remark:  We  could  extend  the  above  definitions  to  the  case  di,  defined  to  be 
the  length  of  the  orbit  of  A  or  of  (.4  +  B)/2.  Unfortunately,  d\  is  not  a  metric 
since  it  fails  the  definiteness  axiom  (a)  above.  For  this  reason,  we  do  not  discuss 
di  any  further. 

Notice  that  the  two  metrics  pn  and  d,,  are  quite  different,  but  the  inequality 
Pn{P,Q)  <  dn{P,Q)  holds  for  any  P,Q  E  V.  Only  for  some  special  P  and  Q 
they  are  equal  (see  also  Section  4). 

Of  course,  we  are  interested  in  rfn-optimal  motions.  The  theory  of  intrinsic 
metrics  guarantees  their  existence: 

Theorem  1  For  n  >  2  or  n  =  cc  and  for  any  placements  Pq,  Pi,  there  exists  a 
dn-shortest  motion  m'  from  Pq  to  Pi. 

Proof:  By  Theorem  17.7  of  [Rin,  p.  141],  whose  proof  goes  back  to  Hilbert  [Hil], 
it  is  sufficient  to  show  that  {V,p„)  is  a  finitely  compact  metric  space,  i.  e., 
every  bounded  infinite  sequence  has  a  convergent  subsequence.  Since  pn  is 
linearly  related  to,  for  example,  a  suitable  e{P,Q)  metric  on  V.  More  precisely, 
define  e(P,Q)  to  be  the  \\i{P)  -  l(Q)\\  where  i  :  P  ^  3?''  is  the  map  taking  a 
placement  P  to  the  point  i{P)  =  (A[P],B[P])  in  the  Euclidean  4-space.  Then 
e{P,Q)/V2>p2{P,Q)>e(P,Q)/2.  D 


The  remaining  part  of  this  section  is  devoted  to  some  elementary  properties  of 
optimal  motions. 

Lemma  2  For  each  n  >  2  or  n  =  oo,  if  m(t)  =  (x{t),y{t),  a{t)]  is  any  dn- 
shortest  motion  then  a(/)  i5  monotonic. 

Proof:  If  a(/i)  =  a(/2)  for  some  /]  <  tn  then  we  can  modify  the  motion  by 
a  pure  translation  from  m{ti)  to  m{t2).  The  modified  motion  will  have  shorter 
length  unless  m[tiJ2]  is  already  a  pure  translation.  D 


Lemma  3  For  each  n  >  2  or  n  —  oo,  if  m  is  a  d„-shoriesi  motion  then  its 
angular  function  Q(t)  spans  an  interval  of  angles  that  is  at  most  half  a  circle 
(i.e.,  of  arc  length  at  most  it). 


Figure  2;  Motion  m"  is  the  symmetric  reverse  of  the  motion  m:  the  orbit  of  B 
is  shown 

Proof:  For  any  two  antiparallel  placements  Po,Pi,  there  are  at  least  two 
different  optimal  paths  between  them:  take  an  optimal  path  m  and  the  reverse  of 
its  symmetrical  counterpart  m' .  More  precisely,  assume  that  the  two  antiparallel 
placements  are  mirror  images  of  each  other  about  the  origin  O.  See  Figure  2. 
Then  the  symmetrical  counterpart  o(  m  can  be  obtained  by  taking  the  pointwise 
mirror  images  of  the  path  about  O.  If  the  line  segment  turns  clockwise  from 
Po  to  Pi  in  rn,  then  it  also  turns  clockwise  from  Pi  to  Po  in  the  counterpart 
m'.  Let  TTi"  be  the  reverse  of  m',  i.e.,  if  the  domain  of  m'  is  [0, 1]  then  m'(t)  = 
m"(l  -  t)  for  all  t  €  [0, 1].  Also  note  that  the  angular  range  of  m  and  m"  are 
complementary  in  the  sense  that  an  angle  q  is  in  the  range  of  one  iff  angle  7r  +  a 
is  in  the  range  of  the  other. 

If  m  is  a  motion  from  an  initial  placement  Po  and  m  goes  through  a  range  of 
angles  of  size  >  7r,  then  clearly  m  is  a  continuation  of  a  motion  m  from  Po  to  an 
antiparallel  placement  Pi .  If  the  angular  function  of  m  is  not  monotonic  then 


the  previous  lemma  shows  that  /?;  could  not  be  optimal.  Otherwise  we  modify 
m  by  replacing  its  initial  portion  m  from  Pq  to  Pi  by  m"  defined  as  above.  The 
length  of  the  modified  motion  is  still  dn(m),  but  its  angular  function  ao(')  is  no 
longer  monotonic  (look  at  the  modified  motion  in  the  neighborhood  of  Pi).  So 
this  modified  motion  and  hence  in  could  not  be  optimal.  D 


In  other  words:  if  we  just  consider  the  rotational  aspect,  any  optimal  motion 
takes  the  shorter  of  the  two  ranges  of  angles  necessary  to  get  from  the  initial  to 
the  final  angle. 

Remark:  Lemma  2  and  Lemma  3  hold  for  any  distance  measure  in  which  short- 
est paths  always  exist  and  with  the  properties  definiteness,  triangular  inequality, 
symmetry,  translation  optimality,  translation  and  rotation  invariance. 


Cauchy's   Formula  and   Rotational   Shortest 
Paths 


The  rest  of  this  paper  focuses  on  the  di-metric.  As  motivation,  we  ask  if  the 
obvious  rotation  of  the  rod  about  any  point  on  the  rod  through  an  angle  <  n 
is  d2-optimal.  The  answer  is  yes,  though  not  trivially  so.  We  shall  introduce  a 
basic  tool  based  on  Cauchy's  surface-area  formula  to  solve  this.  More  generally, 
we  show  that  when  the  initial  and  final  placements  are  "close  to  each  other" 
then  the  shortest  path  can  be  realized  by  three  (pure)  rotations. 

The  following  theorem  and  its  corollaries  will  be  useful  for  giving  lower  bounds 
for  the  length  of  a  motion.  For  the  statement  of  the  thiorcmi,  we  need  one  more 
definition. 


Definition  5  Given  a  closed  curve  C,  the  support  function  /ic  :  5'  — •  3?  is 
defined  as 

/i(-(q)  =  sup{  X  cosQ  -f  y  sin  q  :  (r,  y)  £  C  }  . 

In  other  words,  hcia)  is  the  (signed)  distance  of  the  supporting  line  perpendic- 
ular to  direction  q  from  the  origin  (see  Figure  3). 

Note  that  hc{n)  and  /ic(«  +  7r)  correspond  to  two  parallel  supporting  lines,  and 
hc(oi)  +  hc{a  -f  tt)  >  0  equals  the  width  of  C  when  looking  along  a  direction 
perpendicular  to  a.  A  curve  of  constant  width  is  a  curve  whose  width  is  constant 
for  all  directions  (cf.  [Egg,  chapter  7],  [Bla],  or  [YaBo,  chapter  7]). 


hAai 


Figure  3:  The  support  function  of  a  curve 


Theorem  2  (Cauchy's  surface-area  formula)  [Egg,  Section  5.3]  Let  C  be 
a  closed  convex  curve  in  the  plane.  Then  the  length  L(C)  of  C  can  be  expressed 
in  terms  of  its  support  function  he: 


2ir 

L{C)  =  Jhcia] 

0 


da  . 


Since  the  length  of  an  arbitrary  closed  curve  is  at  lecist  the  perimeter  of  its 
convex  hull,  and  since  the  support  function  is  not  changed  by  taking  the  convex 
hull,  we  obtain: 


Corollary  1    The  length  L(C)  of  a  closed  curve  C  in  the  plane  is  bounded  as 
follows: 


2ir 

L{C)  >   I  he  {a)  da 


In  the  (^2  measure,  we  are  interested  in  the  sum  of  the  lengths  of  two  curves.  The 
following  consequence  of  the  surface-area  formula  will  be  useful  for  obtaining 
lower  bounds. 


Corollary  2   Let  Ci,  Co   be  closed  curves,   with  support  functions  hi    and  /)2, 
respectively.    Then  the  sum  of  their  lengths  is  bounded  as  follows: 

L(Ci)  +  L(C2)  >    /(/ii(a  +  7r)  + /12(a))  do, 


with  equality  in  the  case  of  two  convex  curves. 

Proof:    This  is  an  easy  consequence  of  the  periodicity  of  hi.  U 

To  conveniently  apply  Corollary  2,  we  now  introduce  some  notations.  If  m  is 
any  motion,  let  Q'  and  C^  denote  the  boundary  of  the  convex  hulls  of  the 
orbits  of  .4  and  B  in  m,  respectively.  Denote  their  respective  support  functions 
by  h'^  ,  /)g .  For  any  angle  q,  define 

//'»(a)  =  /iX(a  +  T)  +  /iS(a).  (1) 

Applying  Corollary  2  to  the  curves  C'^X'b'  we  conclude  that 

L{C^)  +  L{Ci')  =  J  Fr{a)da.  (2) 


Lemma  4  For  any  motion  m  and  any  direction  a  in  the  range  of  angles  of  this 
motion, 

H"'(a)  >  1  . 

Proof:  By  assumption,  there  is  some  intermediate  position  m(t)  —  (i\y.Q). 
Since  A{t)  =  (x,y)  belongs  to  Ca  and  B(t)  =  (x  +  cosq,  y  +  sin  q)  belongs  to 
Cfi,  these  imply  that  //""(q)  =  /!;^(a +  7r)  + /i'g(cv)  is  bounded  from  below  by  1. 
(Note  that  h']^(a  +  w)  is  the  "highest"  point  of  Ca  in  direction  a  +  tt,  i.e.,  the 
"lowest"  point  in  direction  q.)  U 

We  are  ready  to  give  a  lower  bound  on  the  (f2-distance  between  two  antiparallel 
placements. 

Lemma  5  Let  P,Q  be  two  antiparallel  placements.   Then  d-2{P,Q)  >  7r/2. 

Proof:  We  want  to  show  that  a  motion  m  from  P  to  Q  must  have  length 
d2{m)  >  'r/2.  As  in  the  proof  of  Leiimia  3,  the  symmetrical  counterpart  of  m  is 
a  motion  m'  from  Q  to  P  with  cf2("'')  =  d'A'n)-  Let  rn"  be  the  concatenation 
of  m  and  m'.  Let  C'J^  be  the  boundary  of  the  convex  hull  of  the  r7i"-orbit  of  ,4 
with  support  function  h'^,  and  similarly  for  Cg  and  /i'^.  Again,  let  H"(a)  = 
/i'^(q  +  7r)  +  h'g{Q).  By  Corollary  2  and  the  previous  lemma, 

2ir  2jr 

L(C'J^)  +  L(C'b)  >   fH"{a)dQ>    fda  =  2t^. 
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Clearly  f/of/Ti)  >  [l(C';)  +  L{C'^)^/4  >  7r/2.  D 

Remark:  With  the  tools  which  we  have  so  far,  we  can  already  solve  some 
simple  cases.  For  example,  in  order  to  turn  a  segment  around  by  180  degrees  in 
place,  from  AoBq  to  A\Bi  where  .4i  =  Bq  and  5i  =  Aq,  we  get  a  lower  bound 
of  7r/2  from  the  last  lemma.  This  bound  can  easily  be  achieved,  for  example 
by  a  rotation  around  the  midpoint.  However,  note  that  this  solution  is  far  from 
being  unique:  in  fact,  we  may  take  any  curve  of  constant  width  1  through  the 
points  Ao  and  Bq  and  move  the  endpoints  on  this  curve,  and  we  will  always  get 
an  optimal  motion. 

Lemma  6  Let  P  =  (0,0,0)  and  Q  =  (x.y.a)  be  two  placements  such  that 
0<a<Tr.   Then  doiP^Q)  >  q/2. 

Proof:  Take  an  optimal  motion  from  P  to  Q.  We  continue  this  motion  by 
a  rotation  of  an  angle  of  (tt  —  a)  around  (j,y).  We  arrive  at  a  placement  Q' 
antiparallel  to  P.  We  have  d2(Q,Q')  <  (i"  —  q)/2  (pure  rotation  around  an 
endpoint),  and  consequently  by  Lemma  5: 

d2(P,Q)  +  {n-a)/2     >     d.iP.Q)  +  d2(Q,Q')  >  do(P,Q')  >  wfl 
=^  d->{P,Q)     >     q/2. 

D 


It  is  easy  to  see  that  lower  bound  of  the  preceding  lemma  is  attained  by  any 
pure  rotation  through  an  angle  of  at  most  n  about  any  point  of  the  line  segment. 
This  answers  the  question  posed  in  the  introduction  to  this  section: 

Corollary  3  Any  pure  rotation  through  an  angle  of  at  most  w  about  any  point 
of  the  line  segment  AB  is  optimal. 

We  are  now  able  to  construct  shortest  paths  between  any  two  placements  P,  Q 
that  are  sufficiently  close  together: 

Definition  6  Two  placements  P,Q  are  said  to  be  near  to  each  other  if 
mP]-B[Q]\\<l     and     ||.4[Q]-B[P]||<1. 

The  reader  should  be  warned  that  this  technical  definition  of  "nearness"  may 
be  slightly  misleading. 
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Theorem  3  Between  any  two  placements  that  are  near  to  each  other,  there 
exists  a  shortest  motion  consisting  of  at  most  3  rotations.  Moreover  the  rotations 
can  be  assumed  to  be  around  the  endpoints  A  or  B. 


Figure  4;  an  optimal  motion  consisting  of  three  rotations  (Theorem  3) 

Proof:  We  may  assume  that  the  two  placements  are  Pq  =  (0,  0,  n/2)  and  Pi  = 
(x,y,a)  where  q  6  [-f ,  |]  (cf.  Figure  4).  For  each  placement  P,  (;  =  0, 1),  we 
will  let  Ai,  Bi  denote  the  positions  A[Pi\.  S[P,],  respectively.  We  know  from  the 
above  lemma  that  the  length  of  any  motion  from  Pq  to  P\  is  at  least  (n/'2  —  Q)/2 
and  that  the  angular  function  of  an  optimal  motion  must  vary  monotonically 
from  7r/2  to  a  (i.e.,  clockwise  turn).  The  idea  of  the  proof  is  to  rotate  the 
segment  clockwise  until  ||5  -  ^i|l  =  1  or  \\A  -  Bi\\  =  1.  (This  first  rotation 
can  be  made  around  an  arbitrary  point  on  the  segment.)  The  remaining  course 
of  action  is  now  fixed:  with  two  more  rotations  we  place  the  endpoints  of  the 
segment  in  their  final  position,  one  at  a  time.  We  now  make  this  precise. 

Let  Po  be  the  placement  (0,0,  a),  and  so  Bo  =  B[P2]  is  equal  to  (cos q, sin  o). 
The  assumption  of  this  theorem  is  equivalent  to  the  assertion  that  Bj  lies  inside 
the  intersection  of  the  unit  circle  and  the  circle  with  radius  1  around  So  +  (0,  1), 
i.e.,  inside  the  shaded  region  in  Figure  4.  The  unit  circles  around  .4o  and  Ai 
intersect  in  a  point  S3  on  the  arc  from  Bo  clockwise  to  Bo.  We  now  describe 
a  motion  from  Po  to  Pi:  rotate  around  A  until  S  reaches  the  position  B3,  call 
this  placement  P3.  Now  rotate  from  P3  around  B  until  A  reaches  .4i,  call  this 
position  P4  (so  A\  =  A4).  Finally  rotate  from  P4  around  .4  until  S  reaches 
Bj.  Of  course,  this  final  placement  is  Pi.  (In  special  cases,  where  Bj  is  on  the 
boundary  of  the  shaded  region,  one,  two,  or  all  of  the  named  rotations  shrink 
to  nothing.)  The  length  of  this  motion  is  half  of  the  sum  of  the  angle.s  of  the 
rotations,  which  is  (7r/2  —  a)/2.  This  is  optimal,  by  Lemma  6.  D 
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We  should  remark  that  the  optimal  motion  in  the  case  of  the  last  theorem  is  in 
general  not  unique,  cf.  the  example  in  the  remark  after  Lemma  5. 


4      Shortest  Paths  Between  Two  Distant  Place- 
ments 


In  this  section,  we  construct  optimal  d^-paths  between  placements  are  that  dis- 
tant from  each  other.  In  this  case  the  pure  rotational  motions  of  the  previous 
section  is  insufficient  and  it  turns  out  that  what  we  need  is  precisely  the  follow- 
ing: 

Definition  7  A  motion  in  of  the  line  segment  AB  between  two  placements  P 
and  Q  is  a  siraighi-hne  motion  if 

d.Jm)  =  ^-[\\A[P]-  A[Q]\\  +  \\B[P]-  B[Q]\\)  . 

In  other  words,  both  endpoints  A  and  B  move  monolonically  (i.e.,  without  back- 
tracking) along  the  respective  straight  line  segments  that  connect  that  initial 
and  final  positions.  (We  may  also  say:  d2(P,Q)  =  p2{P,Q)y  see  Section  2.) 


It  is  clear  that  straight-line  motions  include  pure  translations  as  a  special  case, 
and  they  are  d^-optimal.  This  type  of  motion  is  performed  by  the  example  of  a 
ladder  sliding  simultaneously  along  two  walls  (see  Figure  5). 


Figure  5:  a  straight-line  motion 
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Unfortunately,  this  motion  is  not  possible  in  all  cases.  To  see  this,  draw  the 
two  lines  that  connect  corresponding  endpoints  of  the  initial  position  AqBo  and 
final  position  .42^2  of  the  line  segment  (Figure  5).  If  the  segment  has  to  go 
through  a  "critical  position"  AiBi  which  is  perpendicular  to  one  of  these  two 
connecting  lines,  then  no  straight-line  motion  is  possible.  Note  that  a  pair  of 
intersecting  lines  has  4  critical  positions. 

Next  we  attack  the  case  when  initial  and  final  positions  are  antiparallel  and  the 
result  of  the  previous  section  does  not  apply  (i.e.,  they  are  not  near  to  each 
other).  Actually,  we  first  assume  that  both  positions  represent  horizontal  line 
segments  on  the  j-axis. 

Lemma  7  Lei  Pq   =    (-(a  -  l)/2,0,7r)    and  Pi    =    ((a  -  l)/2,0,o)    be  two 

horizontal  antiparallel  placements  with  midpoint  distance  a  >  \.  Let  c  =  (j'<;,yc) 
be  the  intersection  of  the  upper  tangent  from  Aq  to  the  unit  circle  around  Bi 
with  the  upper  tangent  from  Ai  to  the  unit  circle  around  Bo-  Let  bo  and  6i 
be  the  contact  points  of  the  lower  tangents  from  Bo  and  B\  to  the  unit  circle 
around  c.  and  let  jio  and  pi  be  the  angles  of  the  segments  from  c  to  bo  and  6i. 
Then  a  shortest  path  m'  from  Po  to  Pi  is  described  as  follows  (see  Figure  6): 
Perform  a  straight-line  motion  from  Pq  to  (x^,  j/c, /?o).  Ihen  perform  a  rotation 
from  (XcVcl^o)  to  (j"c.  2/c, /?i)  around  A.  and  conclude  the  motion  by  a  stratght- 
line  motion  from  (xdJc^Pi)  to  Pi. 

Moreover,  this  motion  and  the  one  obtained  from  it  by  reflection  along  the  jc-aris 
are  the  only  optimal  motions. 

Proof:  The  assumption  a  >  1  assures  the  feasibility  of  the  described  motion 
m' .  If  a  =  1,  the  straight-line  motions  vanish  and  m'  is  a  pure  rotation  which 
is  optimal  by  previous  results.  See  Figure  6. 

Let  m  be  any  motion  from  Po  to  Pi  who.se  angular  function  QmC)  ('ike  that  of 
TO* )  is  executing  a  monotonic  counterclockwi.se  rotation  (recall  that  the  angular 
function  of  optimal  motions  must  be  monotonic).  As  in  the  previous  section, 
define  C^  to  be  the  convex  hull  of  the  orbit  of  .4  in  to  with  /)^  as  support 
function;  similarly  define  Cg,h'g  and  //"'.  Referring  to  Figure  6, 

L(C7)  +  L{C"b')  <  2d.(rn)  +  ||Bo  -  Bi\\  +  ||.4o  -  .4i||  =  2d.(ni)  +  2a. 

Hence 

a2(TO)  > a. 

To  lower  bound  the  right-hand  side  of  this  inequality,  we  use  equation  (2); 


L{C'^)  +  L{C'^)  =  I  ir 


( Q )  (let . 


14 


Bn ^ 


^— Bi 


Figure  6:  the  optimal  motion  in'  of  Lemma  7 

But  note  that  //""(q)  >  1  for  all  a  in  the  range  between  po  and  /^i,  since 
Q,n{t)  is  rotating  counterclockwise;  moreover,  H"'{a)  =  1  if  m  =  m' .  In  the 
remaining  range  of  angles,  we  can  give  a  lower  bound  for  H'"(a)  by  using  the 
endpoints  of  A~B  in  its  initial  and  final  positions.  Again,  this  lower  bound  is 
attained  when  m  =  m".  It  follows  that  //'"(q)  attains  its  minimum  value  for 
all  a  when  77)  =  777*.  This  proves  LiC^)  +  L(C^)  is  minimized  when  771  =  777'. 
The  optimality  of  777'  follows  immediately. 

It  remains  to  show  that  777'  is  the  unique  motion  whose  angular  function  is 
executing  a  counterclockwise  rotation.  From  the  previous  argument  it  follows 
that  the  support  functions  for  an  alternative  optimal  motion  must  attain  the 
same  value  as  H""' (a)  for  all  values  of  q.  Hence  A  must  never  go  above  the  line 
through  Ao  and  c  or  above  the  line  through  .4i  and  c.  [To  see  this:  if  .4  goes 
above  the  line  Aoc  then  //-(/^i  )>  1  =  //""*( /^i)-]  Likewise,  B  must  never  go 
below  the  lines  through  Bo  and  60  and  through  B,  and  61.  Consider  now  the 
moment  in  a  motion,  when  the  segment  is  in  a  placement  with  orientation  /Jo- 
Then  A  must  sit  on  the  segment  connecting  c  and  .4i .  From  the  initial  placement 
to  this  placement  a  straight-line  motion  is  possible  -  with  larger  length  than  the 
motion  to  (Xc,  j/c,  /^o),  though,  unless  A  moves  to  c.  Symmetrically  we  can  argue 
for  the  placement  in  the  motion  with  angle  /?i .  In  between  these  two  placements 
we  have  to  pay  at  least  the  cost  of  (/?:  -  /?o)/2.  by  Lemma  6.  This  is  exactly  the 
cost  that  the  motion  m'  needs  to  go  from  orientation  /?o  to  orientation  /?,.  Thus 
the  only  way  to  stay  optimal  is  to  go  through  rn    -  or  the  reflected  version. 

n 
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In  the  following  proof,  we  will  perforin  an  intuitively  simple  operation  called 
"doubling  a  motion".  To  explain  this,  we  define  a  placement  P'  to  be  the 
anUplacemeni  o[  P  \i  A[P]  =  B[P']  and  B[P]  =  A[P']  (i.e.,  P,  P'  are  antiparallel 
and  in  the  same  position).  For  any  motion  m  =  77i[0, 1],  define  the  antimoiion 
of  m  to  be  the  motion  m'  in  which  for  all  i  G  [0, 1],  m'{t)  is  the  antiplacement  of 
m(/).  A  translation  of  m  is  a  motion  m'  such  that  for  some  fixed  vector  v  and 
for  all  t  £  [0, 1],  m'{t)  is  the  translation  of  m{t)  by  v.  Finally,  if  in  is  a  motion 
from  a  placement  Pq  to  an  antiparallel  placement  Pi,  we  define  the  doubling  of 
m  to  be  the  motion  m'-'  that  is  the  concatenation  of  m  with  m' ,  where  77)'  is  a 
translation  of  the  antimotion  of  771.  Note  that  77/  is  completely  determined  since 
777(1)  must  be  equal  to  m'{Q)  in  order  for  the  concatenation  to  be  defined.  Note 
the  initial  and  final  placements  of  777'-'  must  be  parallel.  Figure  7  illustrates  a 
doubled  motion. 

Theorem  4  Assume  an  arbitrary  final  placement  Pi  antiparallel  to  the  initial 
placement  Pq  and  assume  the  distance  between  the  midpoints  in  these  two  place- 
ments IS  a  >  I.    Then  there  is  an  optimal  motion  m  with 


d2{m)  =  \/a-  —  1  +  arcsin(l/a) 

consisting  of  at  most  two  endpoint  rotations  and  one  straight-line  motion  or  one 
rotation  and  two  straight-line  motions. 


Figure  7:  the  doubling  of  motion  77i'  from  Lemma  7 

Proof:  The  key  idea  of  the  proof  is  to  double  the  optimal  motion  m'  described 
in  Lemma  7,  where  the  segment's  initial  and  final  positions  wore  horizontal.  Let 
771"  be  concatenated  with  m"  to  form  the  doubling  of  m*  (so  m"  is  a  translation 
of  the  antimotion  of  in').  Note  that  the  initial  straight-line  motion  of  endpoint 


16 


B  is  parallel  to  the  final  straight-line  motion  of  endpoint  A,  and  vice  versa.  See 
Figure  7.  It  follows  from  this  that  the  straight-line  motion  at  the  end  of  771*  is 
actually  continued  into  the  straight-line  motion  at  the  beginning  of  in".  Let 
d^im')  denote  the  length  of  the  motion  in  Lemma  7. 

Assume  a  coordinate  system  where  the  midpoints  of  segment  AB  in  placements 
Pq  and  Pi  lie  on  some  horizontal  line.  Since  the  midpoint  distance  is  a,  we  can 
embed  the  Pq  and  Pi  in  the  doubling  of  m' .  Thus  we  constructed  a  feasible 
motion  m  with  length  d2(m)  =  d2(m'),  the  same  length  as  in  Lemma  7  [To  see 
this,  consider  the  pieces  of  the  endpoint  orbits:  they  coincide  with  pieces  of  one 
of  the  two  optimal  motions  between  antiparallel  horizontal  positions.] 

On  the  other  hand,  we  could  double  any  optimal  motion  77)  between  arbitrary 
antiparallel  positions  and  embed  a  motion  771'  between  antiparallel  horizontal 
positions  in  777'-),  again  with  dnim)  =  d-.im').  From  this,  the  oplimality  of  777 
results. 

To  determine  the  exact  length  d^iri)),  consider  the  special  situation  with  two 
vertical,  antiparallel  positions.  0/2(777)  can  be  read  off  from  Figure  7:  call  the 
angle  at  the  intermediate  tangent  position  /?.  The  orbits  of  the  two  endpoints 
have  the  same  length.  The  lower  endpoint  first  goes  along  an  arc  of  the  length 
^  -  (3,  then  along  an  edge  of  a  right-angled  triangle  with  other  e<lj;r.-,  of  lengths 
f  and  a  and  an  angle  of  just  f  -  /^,  so: 

rfo(777)     =      ^/a-  -  \  +  ^  -  tS 

=      ya-  -  1  +  arcsin(l/a)  . 

D 


5     The  General  Case 

We  now  have  all  the  elements  to  construct  the  d.-shortest  motion  between  two 
arbitrary  placements  of  the  line  segment: 

Theorem  5  For  arbitrary  initial  and  final  positions,  there  is  a  shortest  motion 
consisting  either  of  at  most  3  rotations,  or  at  most  2  rotations  and  one  straight- 
hne  motion,  or  one  rotation  between  2  straiglit-line  motions. 

Proof-  The  proof  is  a  tedious  case  analysis  showing  that  the  optimal  motion  for 
every  pair  of  placements  can  be  reduced  to  a  submotion  of  the  optimal  motions 
in  Theorem  3  and  Theorem  4. 
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We  first  want  to  make  a  number  of  assumptions  on  the  positions  of  .lo  Bu  and 
,4i  Bi,  although  without  loss  of  generality.  First  note  that  Theorem  3  already 
comjiletely  settles  the  case  when  ||.4o  -  i3i||  <  1  and  ||.4i  -  5o||  <  1-  So.  for  the 
remaining  situations,  we  may  assume  that  ||.4o  —  Bi||  >  1  or  ||.4i  —  Bo||  >  1- 
Moreover,  we  are  free  to  relabel  the  .4's  to  B's  and  vice  versa;  we  take  the  choice 
where 

||.4o-.4,||<||flo-Si||.  (3) 

In  a  next  step,  we  use  symmetry  and  interchange  initial  and  linal  position  (il 
necessarv)  such  that 

||.4i  -  Boll  <||-4o- Bill.  (4) 


It  follows  along  our  first  assumption  that 


|-4„-Bi||>l 


(5) 


Finally,  we  transform  the  situation  in  such  a  way  that  .4o  is  the  origin  and  Bi 
lies  on  the  positive  j-axis.  and  .4i  lies  on  or  above  the  x-axis. 

We  get  now  another  restriction  for  the  position  of  -4i  as  a  consequence  of  (3) 
and  (4);  If  Ai  lies  to  the  right  of  the  vertical  line  through  Bi,  then  Bq  must 
be  to  the  left  of  the  vertical  line  through  Aq  (because  of  (3));  but  this  entails 
||.4i  -  Boll  >  ||.4o  -  Bill  —  a  contradiction  to  (4).  So  we  may  assume  that  .4i 
lies  in  the  second  iiuadrant  on  the  circle  of  radius  1  around  Bi . 

Unfortunately,  we  have  to  go  through  a  case  analysis;  in  order  to  discriminate 
the  different  cases  we  have  to  identify  points  on  the  circles  of  radius  1  around 
Bi  and  ,4o-  Since  ||.4o  —  Bijj  >  1,  we  may  speak  of  the  tangents  of  the  circle 
around  Bi  through  .4o  (circles  are  always  of  radius  1  —  from  now  on). 


><,  #32     \ 


Figure  8:  partitioning  for  the  case  analysis 
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Let  qi  be  the  point  where  the  tangent  of  positive  slope  touches  the  circle  around 
Si .  Let  qo  be  the  point  vertically  above  Bi  on  the  circle  and  let  qn  be  the 
point  horizontally  to  the  left  of  Bi  on  the  circle  (cf.  Figure  8).  We  caution  that 
Figure  8  may  be  slightly  misleading  because  in  general,  the  two  circles  indicated 
could  intersect.  But  our  arguments  will  not  hinge  on  their  non-intersection. 

We  distinguish  for  Ai  the  positions  Qi  between  ^o  and  qi  (including  ^o)  and 
the  positions  Q2  between  q\  and  92  (including  qi  and  q^). 

Let  us  switch  to  the  circle  around  Ao.  Its  tangents  through  Bi  touch  in  two 
points;  let  po  be  the  one  above  the  I'-axis,  and  let  p-j  be  the  one  below.  Let  pi 
be  the  point  diametrically  opposite  to  pn.  We  distinguish  the  three  intervals  Pj 
between  po  and  pi,  ft  between  pi  and  po,  and  P3  between  po  and  po  (always 
the  second  point  included).  Note  now  that  if  Ai  £  Qi  and  Bq  £  P3,  then 

||.4o  -  ^ill  >  ||.4o  -  ./ill  =  ||Bi  -  poll  >  jjBi  -  Boll 
which  contradicts  (3). 

If  .4i  G  Qi  and  Bo  €  Po.  then 

||Bo  -  .4,11  >  jjSo  -  91II  >  Ijp,  -  qiW  =  \\Ao  -  Sill  ; 
a  contradiction  to  (4).  We  are  ready  to  settle  the  first  case. 

Case  1  Ai  e  Qi: 

We  have  just  seen  that  this  implies  Bq  E  Pi-  Then  the  following  motion  is  opti- 
mal. Rotate  S  around  Aq  in  clockwise  direction  until  it  reaches  po,  then  perform 
a  straight-line  motion  between  j4o  po  and  qi  Bi  and  then  rotate  A  around  Bi 
clockwise  until  it  reaches  Ai.  It  is  clear  from  Theorem  4  that  this  motion  m  is 
optimal  because  condition  (4)  ensures  that  the  angle  rotated  does  not  exceed  7r 
and  m  can  be  embedded  in  the  doubling  of  m*  in  Theorem  4.  Moreover,  unless 
Af)  So  and  .4i  Si  are  antiparallel,  the  motion  is  unique. 

Case  2  .4i  G  Qo,  So  G  P3: 

This  situation  allows  a  straight-line  motion. 

Case  3  .4i  £  Qo,  So  G  Pi  U  Po: 

We  need  here  another  partitioning  of  Pi  U  P2  (see  Figure  9).  To  this  end  let  r 
and  s  be  the  intersection  points  of  the  circle  around  Aq  with  the  line  through 
.4o  perpendicular  to  .4o  -4i;  r  is  the  one  above  the  x-axis. 

We  have  r  G  Pi  and  s  G  Pj-  We  denote  by  P{  the  interval  between  po  and  r  (r 
included)  and  by  Po  the  interval  between  s  and  po  (s  and  p2  included). 

Case  3.1  Bo  G  P/: 

Rotate  B  clockwise  around  Aq  until  it  reaches  po,  then  continue  with  a  straight- 
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Figure  9:  partitioning  for  case  3 


line  motion  from  Aq  Po  to  Ai  Bi .  Assume  we  prolongate  1  lie  straight-line  motion 
as  far  as  possible,  i.e.,  until  the  segment  gets  perpendicular  to  the  line  through 
Ao  and  Ai.  Then  the  segment  is  antiparallel  to  Aqv,  and  this  shows  that  the 
motion  described  above  is  a  submotion  of  an  optimal  motion  between  the  two 
antiparallel  positions. 

Case  3.2  Bo  E  Pi:  

Observe  first  that  if  Ai  =  qi,  then  s  =  p2  and  so  So  =  P2-  Hence,  Ao  Bo  and 
Ai  B\  are  parallel  which  is  an  obvious  case.  Otherwise  we  suggest  the  following 
motion.  Rotate  B  counterclockwise  around  ylo  until  it  reaches  pn  and  then 
continue  with  a  straight-line  motion  from  ,4oP2  to  Ai  Bi.  We  can  take  over 
the  reasoning  for  Case  3.1  (with  r  replaced  by  s)  to  argue  that  this  motion  is 
optimal. 

Note  that  we  have  not  met  a  motion  of  the  type  "straight-line  -  rotation  - 
straight-line"  so  far  in  our  analysis.  This  will  happen  in  the  remaining  cases 
which  turn  out  to  be  somewhat  more  subtle. 

Case  3.3  Bo  £  (Pi  U  Pn)  -  {P[  U  P^): 

Once  more  we  transform  the  situation,  namely  in  such  a  way  that  Ao  and  /li  lie 

on  the  X-axis,  Ao  to  the  left  of  .4).  Now  r  and  s  lie  vertically  above  and  below 

Ao-  That  is,  Bq  lies  in  the  second  or  third  quadrant  around  .4o.  From  the  fact 

that  .4]  G  Qt.  it  also  easily  follows  that  Bi  lies  in  the  fourth  quadrant  around 

A,. 

Case  3.3.1  Bq  lies  in  the  third  quadrant  around  Ao  (Figure  10): 

Condition  (4)  implies  that  Bo  lies  already  below  B\,  the  image  of  fli  reflected 
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Figure  10:  case  3.3.1 


at  the  bisector  of  ^4o  and  .4i.  As  anticipated  this  leads  to  a  motion  consisting 
of  two  straight-line  motions  with  a  rotation  in  between.  The  rotation  will  be 
around  A  in  a  point  t.  For  the  construction  oft,  we  consider  the  tangents  (from 
above)  to  the  circle  around  Bi  through  Aq  and  the  tangent  (from  above)  to  the 
circle  around  Bq  through  A\;  let  i  be  the  intersection  of  these  two  tangents. 
Recall  ||.4o  -  Bi||  >  1  and  note  that  ||^i  -  5o||  >  ||.4o  -  j5o||  =  1  to  see  that 
both  tangents  exist. 

Point  t  lies  betw'een  the  vertical  lines  through  .4o  and  ,4i.  We  have  ||^  —  i?o||  >  1 
and  ||/  —  Sill  >  1  because  t  lies  on  tangents  to  the  circles  around  the  respective 
points.  So,  let  6o  and  b\  be  the  touching  points  of  the  tangents  from  below  to 
the  circle  around  i  through  Bq  and  Bi .  Now  the  suggested  motion  is:  straight- 
line  motion  from  Aq  Bq  to  /6o;  rotation  around  .4  in  t  from  tbg  to  t  bi;  and 
straight-line  motion  from  /  6i  to  .4i  Bi.  Since  Boho  is  parallel  to  tAi,  6i  Bi  is 
parallel  to  -4o^,  and  the  angle  rotated  is  at  most  tt,  it  follows  along  the  lines  of 
the  proof  of  Theorem  4  that  this  motion  is  optimal. 

Case  3.3.2  Bq  lies  in  thf  second  quadrant  around  ,4q  (Figure  11): 

Condition  (4)  implies  that  Bq  lies  already  above  B\,  the  image  of  Bx  reflected 
at  the  midpoint  of  ,4o  and  ,4i.  The  reasoning  can  be  taken  over  from  Case  3.3.1 
almost  verbatim.  In  the  construction  of  t  we  have  to  use  tangents  from  below 
(instead  of  above),  and  for  the  construction  of  6o  and  b\  we  use  tangents  from 
above  (instead  of  below).  For  the  fact  that  the  rotated  angle  does  not  exceed 
T,  we  need  once  more  the  assumption  that  ||.4i  —  Bo||  <  ||-4o  -  Bi||. 


This  completes  the  proof  of  the  main  theorem. 


n 
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Figure  11:  case  3.3.2 


Recall  Definition  6  about  the  nearness  of  two  placements  P,  Q.  In  that  case  we 
had  shown  that  three  rotations  suffice  to  move  from  P  to  Q  optimally  (Theo- 
rem 3).  We  now  conclude  that  this  is  also  a  necessary  condition. 

Corollary  4  There  is  a  shortest  motion  from  one  placement  to  another  con- 
sisting of  pure  rotations  if  and  only  if  the  two  placements  are  near  to  each  other. 

Proof:  If  the  two  placements  are  near,  we  know  from  Theorem  3  that  there  is 
a  motion  consisting  of  pure  rotations.  Conversely,  suppose  the  two  placements 
are  not  near.  Then  the  above  proof  shows  that  an  optimal  path  (and  this  is 
essentially  unique)  is  a  submotion  of  the  doubling  of  an  optimal  motion  between 
two  antiparallel  placements  which  are  not  near,  as  treated  in  Theorem  4.  For 
antiparallel  placements,  nearness  is  equivalent  to  a  midpoint  distance  a  <  1. 
But  such  a  submotion  always  has  a  portion  consisting  of  a  straight-line  motion, 
as  we  see  in  the  proof  of  Theorem  5.  D 


6      Final  Remarks 

We  introduced  the  distance  measures  doi-.'^cc  for  line  segment  motions  in 
the  plane  and  proved  some  general  properties  of  all  these  distance  mcctsures. 
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We  introduced  the  Cauchy  surface  area  theorem  as  a  simple  and  effective  tool 
for  analyzing  (/2-optimal  motions.  At  present  it  is  not  clear  how  to  extend  our 
techniques  from  do  to  the  other  cases.  However,  one  should  be  able  to  construct 
c/2-shortest  paths  in  the  presence  of  at  least  simple  obstacles. 

An  interesting  consequence  of  our  main  result  is  that  there  is  always  a  d^- 
optimal  motion  which  is  a  sequence  of  straight-line  motions  and  pure  rotations. 
It  is  worthwhile  noting  that  we  first  arrived  at  this  conclusion  by  studying  the 
Euler-Lagrange  differential  equations  for  optimal  motions,  before  we  discovered 
the  present  constructive  procedure  to  find  the  optimal  paths.  But  of  course  just 
knowing  that  straight-line  motions  and  pure  rotations  suffice  was  still  very  far 
from  any  constructive  solution. 
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